Abstract. The Perrin-Forster theory of sensitized fluorescence is extended by replacing the Coulomb interaction wth its relativistic counterpart, the Breit interaction. The transition matrix element is evaluated in a multipole expansion. The matrix element i s found to be modulated by the retardation factor eikR and to contain terms whch fall off only as l/R. The relation of these terms to spontaneous photon emission and their application to exciton theory are discussed.
Introduction
The phenomenon of resonance energy transfer or 'sensitized fluorescence' was discovered experimentally by Cario and Franck (1923) . They exposed a mixture of mercury and thallium vapour to a frequency of light which could only be absorbed by the mercury. The fluorescence spectrum of the mixture contained frequencies which could only be emitted by the thallium, demonstrating a transfer of excitation energy between the two species. An explanation of the phenomenon was proposed by J. Perrin (1926, 1927) on the basis of classical coupled oscillator theory. Later Kallman and London (1928) and F. Perrin (1932) put forward a quantum theory of resonance energy transfer which has since been improved by other authors, notably by Forster (1946 Forster ( , 1948 Forster ( , 1949 Forster ( , 1960 . Many of the predictions of this theory have been verified by experiments on the sensitized fluorescence of organic dye solutions, together with experiments on the related phenomena of concentration depolarization and self-quenching of fluorescence (Vavilov 1954 , Galanin 1955 , Terenin and Ermolaev 1956 .
The basic idea of the Perrin-Forster theory can be seen from the following example. Let #n(l)#n,(2) represent the total wave function of two molecules with the first in an excited state and the second in the ground state. Let #n.(l)#fl,&?) represent the twomolecule system in the opposite situation, i.e. with the second molecule excited and the first in the ground state. If there is no interaction or overlap between the two molecules, and if the possibility of radiation is neglected, then both #n(l)#n.(2) and #f141)#n42) will be stationary states. However, if the two molecules are close to one another, their interaction will produce a certain probability per unit time 1 /~~-~ for a transition in which the excitation energy is passed from the first molecule to the second. In the PerrinForster theory, the interaction energy which is responsible for the transition is given by The s u m is taken over all the charged particles i in molecule 1 and all the charged particles j in molecule 2. In order to evaluate the matrix element (n, n'lH'1n", n'") the function l/[q-x,l is expanded in a Taylor series in which the first few terms vanish because of the orthogonality of the wave functions. The first non-vanishing term is the diDole-diDole interaction (1.5) is the distance between the centres of the two molecules. Thus the matrix element falls off as l/R3, and the probability per unit time for the transition to take place falls off as 1/R6. This fact has led Forster (1960) to express the transition rate in the form R , is the distance at which the probability for resonance energy transfer between two molecules is equal, in this approximation to the probability for spontaneous photon emission. For inolecules which fulfil the resonance condition (that the peak fluorescence band of 1 should coincide with the absorption band of 2) typical values of R, turn out to be of the order of 50 ii. According to the usual theory, this is the largest distance over which resonance energy transfer can compete effectively with spontaneous emission.
Extension of the Perrin-Forster theory using the Breit interaction
It is interesting to try to extend the Perrir-Forster theory by replacing the Coulomb kiteraction t e m witE. its relativistic counterpart, the Breit interaction (Breit 1929 are the Pauli spin matrices, k is the wave number associated with the transition n + n":
by expanding it in a Taylor series about the molecular positions a, and a,. We now let rl = x,-al r, = x2-a, and introduce the notation 
(2.23)
Expressions corresponding to the real part of the dipole-dipole term (2.23) have recently been obtained from an entirely different point of view by Simpson (1963) and by McLone and Power (1964) . There are two important features of the transition matrix element (2.19). Firstly, it is moddared by rhe facror e"?", and secondly, it contains terms which. fail ofi oniy as i jR The sigmficance of these features will be discussed below (cf. Avery 1965, Ph.D. Thesis, University of London).
The transition probability
Having found the matrix element -(n, n'!H'In", n"'} = 2 HI,,,' = 2 ikelemd,'dmjk,,( -h, +: )
where ITl/ is given by (2.5) and D,i by (1.3), we can now try to calculate the probability per unit time for a transition from the initial state
The initial state represents the system with the excitation energy localized on the first molecule; the final state df represents the reverse situation and the transition rate corresponds to the reciprocal of the average time required for the energy to pass from molecule 1 (the 'sensitizer') to molecule 2 (the 'acceptor'). For typical organic dye molecules, such as trypa%avine and rhodamine B, the Auorescence and absorption bands consist of a large number of vibrational sub-levels which cannot be resolved spectroscopically. where the matrix element is given by (3.1) and w , and w2 are respectively the peak fluorescence frequency of the sensitizer and the peak absorption frequency of the acceptor.
Comparison between resonance energy transfer and spontaneous emission
At very large distances the transition matrix becomes It should be noted that the first-order perturbation treatment leading to (4.2) does not take into account the screening of distant acceptors by nearby ones. A many-body approach to the problem, designed to overcome this limitation, will be discussed in Equation (4.2) seems to imply the possibility of long-range resonance energy transfer, since at large distances 1 /~~-~ falls off only as 1/R2. It must be asked how this phenomenon, if it exists, is related to spontaneous photon emission by the sensitizer. In the dipole approximation (cf. Condon and Shortley 1953) the average rate of spontaneous photon emission is given by
Thus, at first sight, the two phenomena appear to be distinct. Resonance transfer depends on the presence of acceptor molecules, whereas spontaneous emission would take place, in principle, even if the sensitizer were the only molecule in the Universe. The rate at which the sensitizer molecule can lose its energy by long-range resonance transfer (4.2) involves (ez/fic)z, whereas spontaneous emission (4.3) involves only the first power of the coupling constant e2/itic. On the other hand Wheeler and Feynman (1949) have proposed a 'direct action' formulation of quantum electrodynamics within the framework of which spontaneous emission must be regarded as resonance energy transfer to distant acceptors, the presence of which is necessary for the emission to take place. One feels that a further development of the Wheeler-Feynman theory would be extremely interesting.
Frenlrel exciton states
In order to overcome the limitations of first-order perturbation theory, we can go over to the Frenkel exciton picture (Frenkel 1931 , Peierls 1932 , Davydov 1948 , 1962 , Craig and Hobbins 1955 , Simpson and Peterson 1957 , Knox 1963 . In exciton theory one begins with a set of basis functions 41 = #OP)+OP) * a * #n(A a.. $ 0 "
( 5 4 These functions represent a molecular crystal with the moleculej in the excited state +n and all the other molecules in the ground state i,b0. One then builds up eigenfunctions of the total crystal Hamiltonian from superpositions of the functions 4, :
The trial solution , substituted into (5.2) gives for the set of secular equations E4 = 2 exp{iq * (a, -a w l l .
(5 -4)
3
But for a iarge crystai, where edge effects can be negiected, the sum (5.4) is independent of I, and therefore the trial solution (5.3) has made the N secular equations redundant.
One can try to carry out the lattice sum (5.4) using the expression (2.23) to evaluate the matrix element HJi. This leads to a singularity when the exciton wave number lql is equal to the wave number K of (2.23), but the singularity does not appear if K is complex.
Craig (1965, private communicationj has suggested that the use of a retarded interaction for the evaluation of the lattice sum (5.4) may lead to better agreement with the experimentally determined Davydov splitting of optical absorption bands in molecular Having found the energies Eq of the exciton states xq, we can build up the timedependent wave function corresponding to an initially localized excitation (Magee 1960 The rate at which excitation energy is passed from the originally excited molecule to the surrounding ones is represented in the exciton picture by the time-independent term in &e expression Numerical application of this method is in progress and the results will be reported in another paper.
